Abstract: H.N.V. Temperley's method for counting vertically convex polyominoes is modi ed, generalized, and most importantly, programmed (in Maple).
Toys and Toy Models
In spite of the many great triumphs of mathematics and science, there are many more problems that we can't solve than ones that we can. One of those, that so far de ed us, is that of enumerating animals. Even Viennot's V] powerful theory of heaps, that was so successful in enumerating directed animals (with the deceptively simple formula 3 n ), seems, at present, to be incapable of counting plain animals.
A two-dimensional animal, alias polyomino, can be realized in terms of a LEGO tower. Suppose that we have an in nite supply of 1 a (a 1) LEGO pieces. Then every oor of the tower consists of a nite horizontal sequence of pieces separated by gaps. A vertical sequence of oors constitutes an animal if the resulting con guration is connected. Each oor can be described by the sequence of lengths of the pieces intertwined by the sequence of lengths of the gaps, so we have an in nite alphabet, each letter being of the form: a 1 ; b 1 ; a 2 ; b 2 ; : : :; a n . Fixing the leftmost square of the bottom oor at the origin, one can view an animal as a word in this in nite alphabet, together with a speci cation of`interfaces', which indicates where to place the leftmost square of the next oor in relation to the oor below it. The resulting creature is an animal i the resulting con guration is connected. Note that in addition to the complication of having an in nite ( in fact to play, and to be able to get results. This is the case for polyominoes. wt(a; a 2 ; : : :; a r ) ;
and consider the two-variable generating function
Once we know we would also know f(t), since f(t) = (1; t).
The natural equations for the F(a) are
since every composition C, that starts with a, is either (a), whose weight is t L(a) , or is of the form C = (a; C 0 ), where C 0 is a composition on its own right, whose rst component starts with, say, b, for some b 1, and then wt(C) = t L(a) p(a; b)wt(C 0 ). Now let's expand the polynomial p(a; b) in powers of b:
and plug it in ( ), to get
Eq. ( ) now becomes:
( ) dz ) s to both sides of ( ), for s = 0; 1; : : :; R, and then plug in z = 1, in order to get R + 1 linear equations, with coe cients that are rational functions of t, for the R + 1 unknowns r] (1; t), 0 r R, solve them, and get in particular (1; t) = f(t). Once we know the i we would also know f(t), since f(t) = P s i=1 i (1; t).
The natural equations for the F i (a) are , is either (a (i) ), whose weight is t L i (a) , or is of the form C = (a (i) ; C 0 ), where C 0 is a composition on its own right, whose rst component starts with, say, b (j) , for some b 1, and some color j (1 j s), and then wt(C) = t L i (a) p i;j (a; b)wt(C 0 ). i;j (z; t) r] j (1; t) ; (1 i s) :
Now apply (z d dz ) l to both sides of ( ), for l = 0; 1; : : :; max j R i;j , and then plug in z = 1, in order to get P s i=1 (max j R i;j + 1) linear equations, with coe cients that are rational functions of t, for the unknowns l] i (1; t), 0 l max j R i;j , solve them, and get in particular i (1; t), for i = 1; : : :; s, and nally f(t) = P s i=1 i (1; t).
The procedure in LEGO that implements the weighted enumeration of colored compositions is muLEGO, the function call is muLEGO (Ls,p,a,b,t) a; b are the variable names, and t is the variable chosen for the generating function. For example, to nd the generating function for locally stable horizontally convex polyominoes, (i.e. the center of gravity of every oor is in the interior of the oor below it) do: muLEGO( 2*a,2*a-1], 2*a-1,2*a], 2*a-2,2*a-1]],a,b,t);, getting the output t(1+t?t Yet another example is the number of LEGO towers, with one piece per oor, but now you have an in nite supply of both 1 a and 2 a pieces. Furthermore, the towers are to be constructed in such a way that all the pieces are parallel to each other (they each have a designated length-side and width-side, even 1 1; 1 2; 2 1, and 2 2 pieces). The function call is muLEGO( a,2*a], a+b-1,2*(a+b-1)], 2*(a+b-1),3*(a+b-1)]],a,b,t);. I omit the output (do it yourself!). More generally, to nd the number of such towers where you have an unlimited supply of pieces of the shape: 1 a; 2 a; : : :; R a, (where a 1), you may use the built-in function MIGDAL(R,t);. Thus Temperley's original generating function is, in particular, MIGDAL(1,t).
Higher Dimensional Structures
Suppose that we have an in nite supply of a b pieces 1 a; b, how many towers can we build of side-surface-area n (we don't count the area of the base and top) where each oor has exactly one piece, and all the`lengths' are parallel to each other? Now we have vector compositions ) is a ne-linear in its variables and p(a; b) is a polynomial of 2m variables. The previous analysis goes almost verbatim, and is left to the reader.
The procedure in LEGO that handles this case is LEGOmul. The function call is LEGOmul(L,p,a,b,t) 
Future Directions
The present generalizations of Temperley's method should be extendible much further, for example to the enumeration of convex polyominoes, both according to area and perimeter (see B1] B2] and references thereof). But, now we no longer get rational functions, and the natural context would be functional and functional-di erential equations, that might, if in luck (like in DV]) turn out to be an algebraic generating function, in which case the future program should be able to guess it empirically, and then prove it rigorously.
Now the natural equations for the F(a) would be: 
